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1. INTRODUCTION 
The following set of equations 
N= f Jr p,(r) dr 
I=0 0 
(2) 
(3) 
for all r > 0, where CI[ = (n/q(21+ I))’ and j?,= 1(1+ 1) + c for some positive 
constant c, constitutes a model for the density of an atom. p, may be inter- 
preted as the radial density of the electrons having angular momentum 
square equal to 1(1+ 1 ), q is the number of spin states, i.e., q = 2 for elec- 
trons, Z is the nuclear charge, N is the total number of electrons bound by 
the nucleus, ,D is the chemical potential, and cp the electro-static potential 
of the charge density. Fermi [5 J obtained the above equations for q equal 
to the Thomas-Fermi potential constraining only the total particle number 
and choosing /3,= t*. Hellmann [7] rederived the above set of equations 
with PC= 1(f + 1) and certain constraints on JF p,(r) dr. See also Fenyes 
[4]. Later Gombas [6] chose p,=l(f+ l)+ $ whereas Sommerfeld [16] 
and Siedentop and Weikard [ 1 I] chose B, = (f + 4)‘. The latter choices 
avoid the unboundedness from below of the corresponding functional 
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(4) 
Equations (1) and (2) under the constraint (3) are the Euler-Lagrange 
equations of this functional. In the following we shall use the convention of 
[ll] for the p,. It was shown in [ll] that given N with O<N<Z the 
system (l)-(3) has a unique nonnegative solution with p, E L’( R! +, dr) n 
L’(R+, Y-* dr). Moreover, only finitely many of the pI do not equal zero. 
More precisely, if we define the critical channel number k, := 
inf{ L E N, 1 p, = 0 for I> L} then (k,. + f)’ < $ exp(47rN/q). 
The Hellmann model has been an effective tool in proving Scott’s 
conjecture (Siedentop and Weikard [ 121) and its generalization to ions 
(Bach [ 11): The inlimum of (4) agrees for large Z with the Thomas-Fermi 
energy up to terms of order Z513 (Siedentop und Weikard [12], 
Weikard [17]). Moreover, adding a Weizsacker type correction yields an 
upper bound to the quantum mechanical ground state energy as was 
shown by Ladanyi [9] and Siedentop [ 131 and in a more general manner 
by Siedentop and Weikard [ 111. Finally according to Englert and 
Schwinger [3] the model is relevant for the description of shell effects, i.e., 
oscillations of the total binding energy on the scale Z413. 
In the present paper we give bounds on cp and p, and study their 
behavior for large Z. In particular we give an asymptotic expansion for the 
limiting functions at zero and infinity. Corresponding result for the 
Thomas-Fermi-Weizslcker equations in the atomic and molecular case 
have been obtained recently by Solovej [14]. In fact, the present work has 
been inspired by [14]. It turns out that the potential at zero exhibits the 
(18n/q)* r p4 behavior found by Sommerfeld [151; at infinity, however, the 
decay is r d-2 in the neutral case. 
2. SUMMATION OF ANGULAR MOMENTA 
The purpose of the present section is to relate the Hellmann model to the 
Thomas-Fermi model as far as possible. To this end we start with 
&I;[rq]“(r)=j$ f a;1-2[p(r)-$-p] 
l/2 
/=O + 
=:-/--A[q(r)-pj (5) 
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for r > 0, which follows from (1) and (2) by summation and Poisson’s 
equation. The boundary conditions are 
v(r) + Z as r -0, (6) 
v(r) + 0 as r-b cc. (7) 
Furthermore it follows from (1) and (2) that pl is continuous on (0, co) 
and thus, since k, < co, cp is twice continuously differentiable on (0, co). 
The following lemma gives pointwise bounds on right hand side of (5) 
from above and below. 
LEMMA 1. For every positive q 
Remark. This result strengthens a previous result [12] by making the 
constants of the bounds explicit. 
ProoJ: Let L := [rl -‘] and E := q-‘- L. Furthermore we may assume 
v] < 2. Then by concavity 
(9) 
We distinguish two cases: 
For 0 <E < i the last term vanishes and the middle term may be 
estimated by the desired quantity because the minimum occurs for E = +. 
For 4 < E < 1 (9) may be written as 4 + q312g,,(c), where 
g,, :- $(2E - t’/E2)3’2 + [ 1 - Y](& - ;)] [2(& - f) - rf(& - +)2]‘!2. 
We wish to show concavity of gV. It thus suffices to evaluate the boundary 
values. We obtain 
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(1-2?j&)2 2q2E2 
OE) = - (ZE _ q82)1/2 + (ZE _ +)1/2 
The first and the fourth term are obviously nonpositive. Now we consider 
the sum of the second and the third term. We distinguish 1~ q ~ ’ < 1 and 
1 < rf -I. In the first subcase the result follows from the fact that E = yl-I. In 
the second subcase we observe that q--I > 2 and, using this fact, we may 
substitute E by E + 4 in the denominator of the third term, which yields the 
desired concavity. 
Now by direct computation g,( 1) 3 0. Thus, by the first case, the mini- 
mum of g, is attained at E = i which proves the left inequality. 
Let k := [r-’ - f]. Then conversely, again by concavity, 
3. BOUNDS ON THE POTENTIAL AND UNIVERSALITY 
The results of Section 2 allow the following pointwise bound on any 
C2-solution of (5))( 7). 
THEOREM 1. Given ,u nonnegative or u positive N not exceeding Z, let 
cp E C’(O, co) be the solution of (l)-(3) with nonnegative p. Then 
for all positive r, where d = 18n/g and p respectively N is either the given 
constant or determined by the system (l)-(3). 
Proof. As comparison function we choose 
$(r) :=-$+$+T. 
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First we consider r ,< d. According to Lemma 1 we have 
f?j r2CA C$(r)l - [+I” (r)l 
=[;+~]3-[~+T!]3f2-;&$ 
d2 17d 1 d 3’2 [ 1 1 5d b,iz- i+; qg+z>o. 
For r > d we obtain the same inequality using only the first summand 
of A 
$r*CAli(r)l- Crll/l” 
Thus we have 
d3 d2 d>O 
r3 2r2 24 ’ 
ACti - CrlCII” (r) > 0 
on (0, CD). Since furthermore $(~)=cp(co) and Il/(O)>cp(O)-p the claim 
follows by comparison. 1 
Next we sharpen the upper bound on cp at zero. 
THEOREM 2. Under the hypotheses of Theorem 1, q - p < $ on (0, co), 
where 
$(r) :=d+F 
ProoJ: As in Theorem 1 @ fulfills the claim at the boundaries. Hence it 
remains to show A[$] - [r$]” > 0 on (0, m). Using again Lemma 1 yields 
2 r3$3/2(r) - r3/2tj3/4(r) -i r’[r$]” (r) 
=3+333’2+(~)-3’2-[~+(~)-‘“l”i. 
Now for r > d the last summand may be cancelled by the first and third 
summand. For r 6 d this can be done by the second summand. In either 
case the sum remains positive. 1 
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Our universal bounds on cp -CL may be supplemented by the bound Z/r. 
This gives the following improvement for the critical channel number k,.. 
COROLLARY 1. k .< d’i3Z’/3. < 
ProoJ: In order that pl is nonvanishing we must have for some r 
g, (l+ 2’ 
r2 
and 
r 
i.e., 
Z/(I+ 1/2)2 > l/r and d/r > I, 
and thus dZ/(Z+ 1/2)2 > 1. 1 
We remark that the Z ‘I3 dependence of k,. may be expected, since it 
holds in the Bohr atom. The result improves a previously known inequality 
in [ll]. 
COROLLARY 2. Let ‘pz and p iz’ be the solution of (l)-(2)forfixed ,u. cpZ 
and p jz’ converge monotonically to limit functions (pK and P,~ pointwise. 
Then cpco fulfills the bound of Theorems 1 and 2. 
ProoJ: The (pz fulfill the same differential equation. The result is thus 
immediate from the boundary condition at zero. 1 
Now we give a lower bound for the Hellmann potential. 
THEOREM 3. Suppose the hypotheses of Theorem 1. Let cprF be the 
corresponding Thomas-Fermi potential, i.e., the solution of 
t CvTFl” (r) = $ Ce4r) -PI? 
with the same boundary condition. Then 
q(r) - v&r) > -y r’/2q+$(r). 
Furthermore, the limiting functions cp 3c obeys 
q,(r)-<> -240d’/2r ‘12. 
r 
Remark. Choosing the same chemical potential p for the Hellmann- 
and Thomas-Fermi potential the corresponding densities may contain a 
different number of particles. 
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Proof Define for c = 240/d 
f:=rcp+ Cr+p;~; - rep,,. 
We consider S := {Y 1 f(r) < O}. Obviously it holds that f(O), f( co ) > 0. It 
thus suffices to show concavity of f on S. If q(r) -,u < 1/4r2 then 
(rep)” (r) = 0 and we may use the Thomas-Fermi differential equation and 
(rqo TF)’ < 0 to compute 
12 
f”<- 
cd q$; 3 
-r(vTF-/*)Y-~--p+;cr 
j/2 ((PTF -PI’:’ 
d l/4 (PTF 
< '2 ((PTF - P)'i 
d VTF 
(cr3’*q9Tz - rep,,) < 0 
on S. If cp - p > 1/4r2 then we make additional use of the differential 
inequality for the Fermi-Hellmann potential following from (8) and 
cp < pTF on S. We obtain 
<o 
with our choice of c. 1 
Theorems 2 and 3 show that the limiting cpa (2 + co) has the behavior 
of the Thomas-Fermi potential at the origin up to leading order, i.e., 
q,(r)=g+O(r-“*). (12) 
Whether there actually occurs an rp512 correction cannot be controlled 
with our estimates on the sum of the angular momenta. We leave this 
question open. Instead we supplement our asymptotically correct bound at 
zero with a corresponding one at infinity. 
LEMMA 2. Suppose N = Z > 0. Then there exists an r0 E R + such that the 
solution qf (l)-(3) fu(filIs 
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for all r>rr,. In particular for Z > Z, the point rg can be chosen to be 
r. = (<Z)-‘, where 5 is the solution greater 12/l of 
2-5 5 
(-A)“2 53/4(75- 12)3/2=; 
and 
A being Baker’s constant [ 21. 
Remark. According to Kobayashi et al. [8] A has the numerical 
value - 1.5880710. (For an even more precise numerical value see 
Rijnierse [lo].) This yeilds numerically 5 = 1.7695327 and Z0 = 12.0029 in 
the atomic case in which q = 2. 
Proof of Lemma 2. Let R be the infimum over all S 2 0 such that p. = 0 
on [,S,co). Suppose O<R<co. Then C/“=o~~p,(r)dr=Z and cp(r)=O. 
Since 
p,(r) d cfr “2 [p(r)-$1: for I=O, 1,2, . . . 
and cp is continuous at R, p, must be zero even in a neighborhood of R. 
This contradicts the minimality of R. Because of N> 0, R = 0 is impossible. 
Thus R= 00. 
We conclude that there exists a sequence {rn} such that cp(r,) > 1/4ri 
and r, + co. Using Theorem 3 we obtain for all r > 0 
213 
2413 
240 Z3’4 1 ---_- 
d + 4r2’ 
We wish to optimize Z. Thus setting r = ((Z)) ’ we require that the last 
line of this equation equals zero and that the derivative of this expression 
with respect o 5 equals zero as well, where we observe that for the minimal 
value of Z as a function of 4 the derivative of Z with respect o 5 vanishes. 
We thus obtain 
0=Z(<-tJ2/4)+A 
O=Z(l-1’,2)-$5-314. 
Solving for 5 and Z yields r. and Z,. 
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Now choose I) := 1/4r2 as comparison function. Obviously 
[rI+b]” (r)--A[$(r)]= [r~]“(r)=$>O. 
The claim thus follows by comparison. 1 
Thus we may summarize in the following theorem. 
THEOREM 4. Under the assumptions of Theorem 1 
at infinity with a nonnegative rror term. 
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